We investigate the innermost stable circular orbit ͑ISCO͒ of a test particle moving on the equatorial plane around rotating relativistic stars such as neutron stars. First, we derive approximate analytic formulas for the angular velocity and circumferential radius at the ISCO making use of an approximate relativistic solution which is characterized by arbitrary mass, spin, mass quadrupole, current octapole and mass 2 4 -pole moments. Then, we show that the analytic formulas are accurate enough by comparing them with numerical results, which are obtained by analyzing the vacuum exterior around numerically computed geometries for rotating stars of polytropic equation of state. We demonstrate that contribution of mass quadrupole moment for determining the angular velocity and, in particular, the circumferential radius at the ISCO around a rapidly rotating star is as important as that of spin.
I. INTRODUCTION
Observations of the low-mass x-ray binaries ͑LMXBs͒ with the Rossi x-ray Timing Explorer have revealed quasiperiodic oscillations ͑QPOs͒ around a frequency of ϳ1 kHz ͓1͔. At present, more than 10 sources of kHz QPOs have been found ͓1͔. One of the most impressive features of kHz QPOs is their very high frequency. The LMXBs are considered to be systems which include a neutron star of mass M ϳ1.4M ᭪ , where M ᭪ denotes the solar mass, and the accretion disk around the neutron star. The Kepler frequency of the accretion disk is 
͑1.1͒
where R denotes the circumferential radius around the neutron star. If the origin of the kHz QPOs is certain oscillation frequencies of the accretion disk surrounding a neutron star of low magnetic field, they must be generated at less than ten Schwarzschild radii of the neutron star. This means that the kHz QPOs may bring us a chance to explore general relativistic effects ͓2͔. Several authors have recently suggested that at least some of the kHz QPOs may be related to the Kepler frequency at the innermost stable circular orbit ͑ISCO͒ of the accretion disk around a neutron star ͓1͔. One of the most strong reasons is that in many sources, the maximum frequency of the kHz QPOs is in narrow range between 1.1 and 1.2 kHz, although they are thought to have very different mass accretion rates and magnetic fields. Because of the fact that the ISCO is determined by the property of the central neutron star, but not by the properties of the accretion disk, such as the mass accretion rate, it has been suggested that the origin of the kHz QPOs of the highest frequencies may be the Kepler frequency at the ISCO. If this is true, it means that we have a great opportunity to investigate general relativistic effects ͓3,2͔.
Another remarkable feature of kHz QPOs is that they exhibit some evidences that in the center of their sources, rapidly rotating neutron stars are involved as follows: ͑1͒ many sources display two peaks of the kHz QPO, and the frequency difference between the twin peaks (⌬ f ) changes only slightly with time although the frequency of each peak changes ͓1͔; ͑2͒ some sources which possess twin peaks also exhibit very coherent oscillations of several hundred Hz in x-ray bursts ͓1͔, and the frequencies change little with time during the bursts. Furthermore, they are approximately equal to or twice ⌬ f . Since the spin frequency of a neutron star is the only candidate which changes only slightly on short time scales, the origin of the frequency difference between the twin peaks of QPOs and the oscillation frequencies in the x-ray bursts seem to correspond to the spin frequencies ͑or twice them͒ of neutron stars ͓1͔. This means that QPO sources include rapidly rotating neutron stars.
Since the ISCO is determined by the geometry around the star, it is important to ask if the geometry around a neutron star can be approximated by that around a black hole. If the electric charge is neutral, stationary black holes must be of the Kerr type due to the uniqueness theorem ͓4͔. Kerr black holes have mass, spin, quadrupole moment and so on, but multipole moments higher than the quadrupole are expressed in terms of the mass M and the spin angular momentum
, where M l and S l denote the mass and current moments, respectively. This means that the geometry outside the black hole horizon is expressed only in terms of M and q. As a result, the ISCO is determined solely by them. However, this is not the case for neutron stars. In the neutron star case, multipole moments higher than and including the quadrupole do not depend on the mass and spin in such a simple manner, and they are determined when the equation of state of the neutron star is given.
The purpose of this paper is to point out the significance of the multipole moments ͑in particular, the mass quadrupole moment͒ of rapidly rotating neutron stars in determining the ISCO around them. This is due to the following fact: In the case of a Kerr black hole, the magnitude of the quadrupole moment is denoted by M 2 ϭϪq 2 M 3 ͓5͔, and ͉M 2 ͉ is always smaller than M 3 . In this case, the effect of the quadrupole moment is not important except in the case qϳ1. However, in the case of a rotating neutron star, ͉M 2 /q 2 M 3 ͉ may be much larger than unity ϳ10, and hence for rapidly rotating neutron stars which seem to be located at the center of QPO sources, ͉M 2 ͉ may be larger than qM 3 for the case qտ0.1 ͓6͔. In such a case, the effect due to the quadrupole moment is as important as that due to the spin.
The paper is organized as follows. In Sec. II, we derive approximate analytic formulas for the angular velocity and circumferential radius of the ISCO around a rotating object characterized by its mass, spin angular momentum, mass quadrupole, current octapole, and mass 2 4 -pole moments. In Sec. III, we perform numerical computations for obtaining stationary, axisymmetric spacetimes of rotating stars, and making use of the numerical results, we demonstrate that the accuracy of our formulas derived in Sec. II are accurate. Section IV is devoted to a summary.
II. APPROXIMATE ANALYTIC FORMULAS FOR THE ANGULAR VELOCITY AND CIRCUMFERENTIAL RADIUS AT ISCO

A. Basic equations
The line element of the vacuum exterior outside a stationary, axisymmetric rotating object is generally written as ͓7͔
͑2.1͒
Throughout this paper, we assume that the spacetime has reflection symmetry with respect to the equatorial plane z ϭ0, so that F, , and ␥ are functions of and ͉z͉. Our purpose is to derive approximate formulas for the angular velocity and circumferential radius at the ISCO of a test particle on the equatorial plane around a rotating object. In the case when the test particle stays on the equatorial plane (zϭ0), geodesic equations can be integrated to give
where E and l denote the specific energy and specific angu- 
͑2.7͒
For simplicity, we only consider prograde orbits in this paper. A circular orbit is stable ͑unstable͒ if
is positive ͑negative͒. Hence, the coordinate radius and ⍀ at the ISCO are determined from the condition where
2 is vanishing. Note that Eq. ͑2.8͒ is independent of metric function ␥. Also, the angular velocity ⍀ and the circumferential radius (ͱg ϵR) are independent of ␥. Thus, we only need F and in the following.
B. Metric from the Ernst potential
A stationary axisymmetric vacuum geometry is completely determined by the Ernst potential ͓8͔, which is defined as
where FϭϪg tt and is a complex potential. If we know , is calculated as
͑2.10͒
Thus, once we know , we have all the necessary information. has the property that it can be expanded as ͓9,10͔
where a j,k are complex constants in which information of the multipole moments of spacetime is completely contained. Note that a j,k is nonzero only for non-negative, even j and non-negative k. Also, because of reflection symmetry with respect to the equatorial plane, a j,k is real for even k, and pure imaginary for odd k. Note that for investigation of the ISCO on the equatorial plane, we only need a j,0 and a j,1 . Fodor, Hoenselaers, and Perjes ͑FHP͒ ͓9͔ show that all the components of a j,k are derived by the following recursive relation
͑2.12͒
where the sum is taken for 0рkрr, 0рlрsϩ1, 0р pрrϪk, and Ϫ1р jрsϪl ͓10͔, and a j,k * denotes the complex conjugate of a j,k . As pointed out in Ref. ͓10͔, it can be shown that a r,sϩ2 (sу0) is a function of a j,0 and a jϪ1,1 with jрrϩsϩ2. This means that if we know a j,0 and a j,1 for jу0, the entire spacetime metric ͑and of course, the metric on the equatorial plane͒ are completely determined. Note that if we know a j,0 up to jϭ2n and a j,1 up to jϭ2nϪ2, we can calculate a 0,k up to kϭ2n. Conversely, if we know a 0,k up to kϭ2n, we can calculate a j,0 up to jϭ2n and a j,1 up to jϭ2nϪ2.
In principle, we can calculate terms of a j,k up to arbitrary large j and k using Eq. ͑2.12͒. In practice, however, we have to truncate higher terms. To access an appropriate truncation point, we can make use of the solution for slowly rotating black holes of the mass M and the angular momentum J (ϭS 1 )ӶM 2 . In this case, ISCO . Thus, we expect that this method will generate a fairly accurate approximate formula even if we include the higher multipole moments. In the following, we take a j,0 up to jϭ10 and a j,1 up to jϭ8, i.e., we take into account all the terms up to O( Ϫ10 ) consistently. In other word, we calculate a 0,k up to kϭ10, and neglect a 0,k of kу11.
C. Results
Our strategy for determining the ISCO is as follows. First, we assume that the spacetime is characterized by mass M , spin angular momentum J(ϭS 1 )ϭqM 2 , mass quadrupole M 2 ϭϪQ 2 M 3 , current octapole moments S 3 ϭϪq 3 M 4 , and mass 2 4 -pole M 4 ϭQ 4 M 5 , and neglect the higher multipole moments. Note that q, Q 2 , q 3 , and Q 4 are positive for a rotating star in a prograde spin.
In the case of a rotating neutron star, we may assume
2 ), where ⑀ 1 ,⑀ 2 Ӷ1, because q and Q 2 are expected to be less than unity. For a slowly rotating neutron star, Q 2 ϳO(q 2 ), so that ⑀ 2 ϳO(⑀ 1 2 ). In this case, Q 2 ϳO(⑀ 1 2 ), q 3 ϳO(⑀ 1 3 ), Q 4 ϳO(⑀ 1 4 ). However, for a rapidly rotating neutron star, Q 2 can be as large as q, so that whenever the terms proportional to q 2 make a significant contribution, we should also take into account the terms proportional to Q 2 2 , Q 4 ,3 , and so on. This is the reason why we take into account S 3 and M 4 .
Hereafter, we expand all the quantities by means of ⑀ ϵ⑀ 1 by formally setting q→⑀q, Q 2 →⑀ 2 Q 2 , q 3 →⑀ 3 q 3 , and Q 4 →⑀ 4 Q 4 , and retain all the terms up to O(⑀ 4 ) consistently. Thus, the formulas derived below are accurate up to O(⑀ 1 4 ) for a slowly rotating neutron star. Even for a rapidly rotating neutron star, the formulas include all the terms of
, and O(⑀ 1 ⑀ 2 ). Hence, they are still accurate to O(Q 2 2 ). As mentioned in the previous subsection, we need a 0,k up to kϭ10. Relation between multipole moments and a 0,k for 0рkр10 have been already given by FHP ͓9͔. Hence, by using them, we can calculate a 2 j,0 (1р jр5) and a 2 j,1 (1р jр4) up to O(⑀ 4 ) using Eq. ͑2.12͒ ͓11͔. ͑The explicit forms of a 0,k , a 2 j,0 and a 2 j,1 are shown in Appendix A.͒ Once is determined up to O( Ϫ10 ), F and are straightforwardly obtained from Eqs. ͑2.9͒ and ͑2.10͒ in the following form: where we know that c 0 ϭͱ24M and c 1 ϭϪ10qM /3. Imposing that Eq. ͑2.18͒ holds in each order of ⑀, it is rewritten into three algebraic equations for c 2 , c 3 , and c 4 as 1 2
where A k and their derivatives are evaluated at ϭc 0 . From these algebraic equations we obtain
Using these approximate solutions, we reach approximate expressions for the angular velocity and circumferential radius of the ISCO, ⍀ ISCO and R ISCO , as follows: 
͑2.29͒
Thus, the error of the coefficients in our approximate formulas of ⍀ ISCO and R ISCO is less than 10 Ϫ4 for O(⑀ 2 ) terms, less than 10 Ϫ3 for O(⑀ 3 ) terms, and ϳ10 Ϫ2 for O(⑀ 4 ) terms. Hence, for slowly rotating neutron stars (qϽ0.1), our formulas are accurate enough. Even for very rapidly rotating neutron stars of q,Q 2 ϳ0.5, we may expect that they will yield very accurate values.
We note that in Eqs. ͑2.24͒ and ͑2.25͒, the signs of coefficients of the terms including Q 2 such as Q 2 , qQ 2 and q 2 Q 2 are opposite to those of q k (kϭ1 -4) terms. As shown in Ref. ͓6͔, Q 2 /q 2 is always larger than unity for a rotating neutron star, and hence Q 2 may be of O(q) for rapidly rotating neutron stars of qտ0.1. This implies that for rapidly rotating neutron stars, the effect due to the q n terms is significantly suppressed by that due to Q 2 . Thus, we conclude that the effect of the quadrupole is important in determining the ISCO even when qϳ0.1. On the other hand, the coefficients of q 3 and Q 4 are smaller than those of q and Q 2 . Thus, their contributions are small.
The formulas of E and l at the ISCO are shown in Appendix B.
III. NUMERICAL STUDY
To confirm the accuracy of the formulas derived in Sec. II, we compare them with numerical solutions. We numerically construct stationary, axisymmetric spacetimes of relativistic rotating stars with a polytropic equation of state using Komatsu, Eriguchi, and Hachisu method ͓13͔. Then, we estimate ⍀ ISCO and R ISCO as well as the multipole moments of the numerically generated spacetimes. It is desirable to include all the multipole moments up to Q 4 , and compare our analytic formulas with the numerical results. However, accurate numerical calculation of Q 4 is difficult. In this section, we simply set Q 4 ϭ␣Q 2 4 . For the Newtonian incompressible case ͑Maclaurin spheroid case͒, ␣ϭ15/7, and for Newtonian compressible case, we find ␣Ͻ15/7. Because of general relativistic effects, stars are more centrally condensed than those in the Newtonian case, so that we expect that ␣ in general relativity is smaller than that in the Newtonian theory, i.e., 0Ͻ␣Շ2. Hence, we simply set ␣ϭ1. Fortunately, the coefficients of Q 4 in ⍀ ISCO and R ISCO are small, so that our rough treatment does not affect the result much. In fact, we also set ␣ϭ0 and 2, but our conclusion is not changed at all.
A. Basic equations
We consider the energy momentum tensor of an ideal fluid,
where b , P, , u , and g are the baryon rest mass density, pressure, specific internal energy, four velocity, and spacetime metric. We adopt the polytropic equation of state,
where K and n are the polytropic constant and the polytropic index. We only consider the case when stars uniformly rotate around the z-axis. Hence, we set u r ϭu ϭ0 and u ϭu 0 ⍀ s , where ⍀ s is the spin angular velocity of the rotating star. In this case, the fluid equations of motion are easily integrated to give ͓14͔ where , B, , and are field functions depending on r and . We present the field equations for these variables and briefly describe our numerical method in Appendix C. Once the field variables are computed, the ISCO on the equatorial plane is found making use of Eq. ͑2.8͒ together with Eqs. ͑2.5͒-͑2.7͒. To examine the accuracy of our approximate analytic formulas derived in Sec. II, we also need to estimate the multipole moments. For M and q, we have the formulas as ͓15͔
For Q 2 and q 3 , we estimate them by using the asymptotic behaviors of and . For r→ϱ, , and B behaves as ͓15͔
where yϭcos , P 2 (y)ϭ(3y 2 Ϫ1)/2, and B 0 is a constant which is ϪM 2 /4 for spherical cases. When we numerically obtain , , and B, we can extract information of Q 2 and q 3 at a large radius rӷM near the outer numerical boundary (rϭr max ) as
We evaluate Q 2 and q 3 at various large radii, and find that Q 2 quickly converges as r→r max . This suggests that the error for estimation of Q 2 is very small ͑we guess it is less than 1%͒. This is mainly because the coefficient of O(r Ϫ4 ) part in is not large. On the other hand, convergence of q 3 at r →r max is slow because the coefficient of O(r Ϫ6 ) part in is large ͓15͔. To obtain q 3 accurately, it is desirable to attach the outer numerical boundary as r max ӷM, but to do that we need to take many grid points and hence need a long computational time. To save computational time, we use here an extrapolation method to estimate q 3 ; i.e., we calculate q 3 at several large radii which are not near the outer boundary (r ϳ3r max /4), and extrapolate true value of q 3 at r→ϱ by assuming that q 3 behaves as q 3 (r)ϭq 3 (ϱ)ϩC/r for the large radii, where C is a constant. Since this method is rough, we guess that the error of q 3 may be ϳ10% in this method. However, the large error in q 3 does not affect the following analysis much because the coefficients of q 3 terms in ⍀ ISCO and R ISCO are fortunately small. The important quantities in our analysis are M , q and Q 2 . We mention that we have also evaluated M and q by using
͑3.13͒
and confirmed that M calculated by Eqs. ͑3.5͒ and ͑3.12͒ and J calculated by Eqs. ͑3.6͒ and ͑3.13͒, respectively, agree very well.
B. Results
As the polytropic index, we set nϭ1. In Fig. 1 , we show the relation between b,0 ( b at rϭ0) and M for the case nϭ1. Note that in the figure, we plot nondimensional quan-
. The lower and upper solid lines denote the relations for the spherical star and for the rotating star at the mass shed limit, respectively. The filled squares denote data sets that are used for comparison with our analytic formulas. The dotted line is the critical line above which the ISCO ceases to exist. For sufficiently large b,0 , stars are unstable against radial gravitational collapse ͓16͔. The dashed line divides the stable and unstable branches: The left-hand side of it is the stable region. ͑Here, for judging the stability against the gravitational collapse, we have applied the turning point method shown in Ref. ͓17͔ .͒ Since unstable stars are not realized in nature, we exclude numerical data in the unstable region.
In Table I , we show all the data we use in our analysis. As pointed out in Ref. ͓6͔, Q 2 /q 2 is always greater than unity. ͑For the data in Table I , 2ՇQ 2 /q 2 Շ4.) In Fig. 2 , we show (1) will be bad, while ⍀ ISCO (1) will be good. If Q 2 ϳ10q 2 , both formulas will not be good at all.͔ It should be stressed that for small Q 2 , ⌬ ⍀ Kerr and ⌬ r Kerr ͓also ⌬ r (1)͔ are roughly proportional to Q 2 , while ⌬ ⍀ (2) and ⌬ r (2) remain very small. Recalling that in the Kerr formulas ⍀ ISCO Kerr and R ISCO Kerr , the effect of Q 2 as an independent variable is absent, this feature implies a substantial effect of Q 2 on the determination of the ISCO around neutron stars even for qϳ0.1.
We find the errors of the formulas ⍀ ISCO (2) and R ISCO (2) are always very small for small Q 2 Ͻ0.2 (qՇ0.2 in this case͒. For large Q 2 Ͼ0.2, however, the errors gradually increase. This indicates that the effect of the terms of O(Q 2 2 ) ͑such as Q 4 ) is not negligible. Therefore, it should be necessary to correctly take into account the terms of O(Q 2 2 ), in order to give an appropriate formula for very rapidly rotating neutron stars. Note, however, that Fig. 2 also indicates that ⌬ a (aϭ⍀ or r) adequately converges to zero by adding higher order terms in ⑀. Thus, unless q,Q 2 տ1, an appropriate formula for very rapidly rotating neutron stars of large q and Q 2 can be derived along the line presented in this paper.
IV. SUMMARY
In this paper, we have investigated the ISCO of a test particle moving on the equatorial plane around a rotating object. We have derived fairly accurate approximate formulas for the angular velocity and circumferential radius of the ISCO including mass, spin, quadrupole, current octapole, mass 2 4 -pole moments of a rotating object. Our formulas show that the effect of quadrupole moment is important for determining the angular velocity and, in particular, the cir- cumferential radius of the ISCO for rapidly rotating neutron stars of Q 2 տq ͓6͔.
In a recent paper, Miller, Lamb, and Cook ͓2͔ performed a numerical computation for analyzing the ISCO around rapidly rotating neutron stars, and pointed out that ⍀ ISCO and in particular R ISCO are not correctly determined by the first order analytic treatment in q. Our present study clarifies the reason for inaccuracy of the first order formula which is mainly due to the neglection of the quadrupole moment.
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